To sum high-energy leading logarithms in a consistent way, one has to impose the strong ordering in both projectile rapidity and dense target rapidity simultaneously, which results in a kinematically improved Balitsky-Kovchegov(BK) equation. We find that beyond this strong ordering region, the important sub-leading double logarithms arise at high order due to the incomplete cancellation between real corrections and virtual corrections in a t-channel calculation. Based on this observation, we further argue that these double logarithms are the Sudakov type ones, and thus can be resummed into an exponential leading to a Sudakov suppressed BK equation.
I. INTRODUCTION
The non-linear evolution equation-the Balitsky-JIMWLK equation [1, 2] or its meanfield truncation: the BK equation [1, 3] plays a central role in studying saturation physics. The leading order evolution kernels have been derived about two decades ago. To make realistic predictions for observables in various high energy scattering processes at RHIC, LHC and the future EIC, it is necessary to utilize the NLO version of the BK equation in phenomenology studies. Though the calculation of NLO BK kernel is extremely complicated, it has been eventually achieved in Ref. [4] . Later, there was also attempt to extend the NLO analysis to the Balitsky-JIMWLK equation [5, 6] .
However, when trying to solve the NLO BK equation numerically [7] , it was found to be unstable. This is essentially due to the NLO correction enhanced by double logarithms, which becomes very large when the parent dipole is much smaller than the daughter dipole. As a matter of fact, the similar problem was earlier observed in the context of the BFKL dynamics [8, 9] as well. To cure the instability issue and improve the convergence of the perturbation series, significant efforts were then devoted to resum these large double logarithms to all orders in the dilute limit [10] [11] [12] [13] [14] and in the saturation case [15] [16] [17] [18] [19] . The common feature of various proposed resummation schemes is to implement a kinematical constraint for successive gluon radiations during small x evolution. It has been argued that these large double logarithms can be effectively resummed to all orders via introducing a kinematically improved BK equation.
It is indeed a natural idea to impose a kinematical constraint in the evolution kernels as the derivations of the BK/BFKL equations rely on making systematical kinematical approximations in strong rapidity ordering region. In particular, to construct a self-consistent small x evolution, the strong ordering in both projectile rapidity and dense target rapidity must be satisfied simultaneously. The BK equation is conventionally formulated as an evolution with the projectile rapidity. The strong ordering in projectile rapidity is realized by construction in this case, whereas the strong target rapidity ordering is not automatically guaranteed. One way of enforcing the target rapidity ordering is to insert a theta function in the LO BK kernel. The most important part of the double logarithms arises at high order corrections is shown to be recovered from a such non-local BK equation [15] . Alternatively, the double-logarithmic corrections can be explicitly resummed in the kernel and give rise to a collinearly-improved BK equation [16, 17] . These two methods are equivalent up to the leading double logarithm accuracy. More recently, a BK equation with target rapidity being the evolution variable was argued to be superior than that describing projectile rapidity evolution, in the sense that the resummed version of the former one has the less scheme dependence [19] .
In this paper, we focus on investigating the contributions from the phase space region beyond the aforementioned strong ordering region. We adopt target rapidity evolution point of view in our analysis. In this scenario, the so-called anti-collinear logarithm appears in the full two loop BK kernel [4] is absent at the NLO. Instead, a double logarithm generated from the phase space region of interest becomes a large correction when one of the daughter dipoles is much smaller than the parent dipole. This finding is consistent with what the authors of the paper [19] observed. Moreover, the fact that the double logarithm terms result from the incomplete cancellation between real corrections and virtual corrections leads us to identify it as the Sudakov logarithm. Consequently, these logarithms can be resummed into an exponential following the standard procedure, and give rise to a Sudakov suppressed BK equation. However, quite puzzlingly, the expansion of the Sudakov suppressed non-local BK equation to the first non-trivial order would produce a double logarithm term which is twice larger than the corresponding one appears in the NLO BK equation with the target rapidity being the evolution variable, provided that non-local BK equation along can recover the double logarithm at NLO as claimed in the paper [19] . Though this mismatch must be clarified at some point, we are not able to offer a solution for the moment, but aim at investigating it thoroughly in a future work.
In recent years, the study of Sudakov resummation in the context of small x physics is actually becoming a topical issue. This was first initiated by the authors of Refs. [20] , in which a joint resummation formalism was developed to compute physical observables in high energy scattering processes involving at least three well separated scales. In order to formulate the joint k t and small x resummation in the conventional TMD factorization framework, the Collins-Soper evolution and the scale dependence of gluon TMD in the small x limit was later investigated in Refs. [21] [22] [23] . Such an effective TMD factorization in the small x limit has also been applied in phenomenology studies [24, 25] . We notice that the other formulations exist in the literatures [26] [27] [28] .
The papers is organized as follows. In the next section, we first re-derive the LO BK equation from a t-channel calculation. Following a short discussion about kinematically improved BK equation, we identify the phase space region where the large double logarithm can be produced. We then proceed to analyze the dynamical origin of the double logarithm, and argue how to systemically resum them to all orders. The paper is summarized in Sec.III.
II. DERIVATION OF THE DOUBLE LOGARITHM CORRECTION TO THE BK KERNEL AT TWO LOOP ORDER AND BEYOND
The large logarithm correction to the BK kernel arises at two loop order. In order to fix the notations and set up the baseline for the two loop calculation, we first briefly review the derivation of the leading order BK evolution kernel. To this end, we compute the NLO correction to the the dipole matrix element defined below,
The Wilson line is defined as,
where the plus(+) and the minus(−) symbols represent the commonly defined light cone components of four momenta. At the leading order, the dipole amplitude U(x ⊥ )U † (y ⊥ ) is independent of rapidity. It is normally determined in the McLerran-Venugopalan model [29] as the initial condition. The large logarithm ln 1 xg shows up in the one loop correction to the above matrix element. These logarithm terms at high orders can be absorbed into the dipole amplitude and give rise to the energy dependence of the correlator.
To avoid the interaction between the radiated gluon and color source inside target, our calculation is performed in the light cone gauge (A − = 0), in which gluon propagator reads,
where the prescription 1 k·P −iǫ for regulating the light cone divergence is proven to be the most convenient choice for our calculation.
The real contribution to the BK kernel at the leading order comes from graphs shown in Figs. [1a-d]. In momentum space, the amplitude of Fig. [1a] is given by,
The amplitude of diagrams Fig.[1b] , Fig.[1c] and Fig.[1d] read,
whereŨ (p g1⊥ ) is the Fourier transform of the path ordered Wilson lines in the adjoint representation. After taking the Fourier transform, the squared summation of the amplitudes Figs. [1a-1d] in the coordinator space is expressed as,
To arrive at the above expression, we have used the formula U † (z ⊥ )t a U(z ⊥ ) = t bŨ ab (z ⊥ ). By further employing the Fierz identity,
the real contribution to the BK kernel can be cast into a familiar form,
Similarly, virtual graphs illustrated in Figs. [1e-1i] can be readily computed. Combining the real contribution and the virtual contribution and carrying out phase space integration, one ends up with,
which matches the first step iteration of the LO BK equation. There are various ways to regulate the light cone divergence for k + integration in the above equation. As long as the calculation is performed in the leading high energy logarithm accuracy, all regularization schemes are equivalent. However, they start to deviate from each other by some sub-leading logarithms at high order. For the current purpose, we do not need to specify the regularization scheme as the double logarithm under investigation has different dynamical origin. 
A. Non-local BK equation and kinematical constraints
When deriving a small x evolution equations like BFKL, BK or B-JIMWLK, it is crucial to impose a strong minus momenta orderingP − ≫ k − ≫ l − ... from a projectile evolution point of view as shown in Fig.2 , while a strong plus momenta ordering k + ≪ l + ... ≪ P + is required if the problem is formulated as the evolution of a dense target. These two kinematical constraints are compatible with each other so long as the transverse momenta carried by the successive radiated gluons are of the same order k 2 ⊥ ∼ l 2 ⊥ . However, this condition can not be always met because transverse momentum is integrated over the whole phase space region in the kernel of the high-energy evolution equations. Instead, it has recently been recognized [15] that it is necessary to have the strong plus momenta ordering and minus momenta ordering simultaneously in order to generate large high energy logarithm from each gluon emission.
In the present paper, we study the NLO BK evolution in ln 1 k + , namely the evolution of dense target, for which case the plus momenta are properly ordered by construction. One then should add a theta function in the kernel of the BFKL(or BK) equation in order to impose the k − ordering not already guarantied by the choice of evolution variable. The various ways of enforcing such kinematical constraint have been proposed in the literatures [15] [16] [17] [18] [19] . These kinematically improved evolution equations effectively resum some large high order corrections to the BFKL/BK kernel to all orders. And in general, a kinematically improved BK equation leads to a more stable small x evolution in comparison with the use of the NLO BK kernel without resumming large transverse logarithms. However, there exists a phase space region satisfying both conditions k + ≫ l + and k − ≫ l − in which QCD dynamics is not yet explored. If transverse momenta carried by the successive emitted gluons are of the same order, this phase space region basically shrinks to zero. When k 2 ⊥ ≫ l 2 ⊥ , the corresponding phase region is sufficiently large to potentially induce large logarithm contributions at NLO. This can be best seen from the following phase space integration,
where the lower integration limit for l + integration is determined according to the constraint
in the above formula represent a typical structure arises from a NLO real correction with a soft gluon emitting from an external line. The infrared divergence from the real correction will be canceled out when combining with virtual corrections as explained later. But such cancellation is not complete in the sense that we are left with a double logarithm term. Therefore, on top of the non-local BK equation which already takes care part of large logarithm contributions, one still need to resum these Sudakov type logarithm terms. And once these large logarithms are identified as the typical Sudakov ones, they can be resummed into an exponential by the standard method.
In the following analysis, we focus on the NLO contributions from the phase space region k + ≫ l + and k − ≫ l − as the contributions from kinematical regions outside this slice of phase space has been summarized into non-local BK equation. We start presenting the detailed NLO calculations by writing down the amplitudes of graphs illustrated in Fig.3 . Since all four components of l are much smaller than any scales in the problem under consideration, the soft gluon only can be emitted from external lines. The insertion of the soft gluon to an internal propagator would lead to a power suppressed contribution. Moreover, it is well known that in a light cone gauge calculation, the diagrams with a soft gluon emitting from the incoming gluon lines do not produce any Sudakov type logarithm. Some sample soft gluon radiation diagrams which could potentially generate the large double logarithm are shown in Fig.3 . Applying the soft gluon approximation, the dominant contributions of the real correction are given by
where the leading order amplitude is denoted as M c LO with c being the color index of the gluon k. For the conjugate diagrams, one has,
The virtual graphs with a soft gluon emission/absorbtion can be readily computed in the same approximation as well. Using these derived amplitudes for soft gluon radiations as the basic calculation ingredients, we are ready to extract the double leading logarithm contributions from the NLO correction to the BK kernel. 
B. The complete and incomplete cancellations between real graphs and virtual graphs
It is well known that the Sudakov type double logarithm results from the mismatch between soft gluon radiation contributions in real corrections and virtual corrections. In this subsection, we are going to demonstrate that at NLO, such incomplete cancellation indeed occurs in the phase space region k + ≫ l + and k − ≫ l − for the diagrams with a soft gluon attaching to the Wilson line. In contrast, if the soft gluon(l) is radiated from the hard gluon(k) line, there is a complete cancellation up to the accuracy of interest between real diagrams and virtual diagrams as illustrated in Figs[4a-4d]
We first use the Fig[4a] and Fig.[4b] as an example to show how the leading double logarithm contributions are canceled out. This is essentially due to the fact that the virtual contribution Fig[4a] and real contribution Fig.[4b] share a common phase factor e −il ⊥ ·(x ⊥ −z ⊥ ) . We start with the calculation of the Fig[4a] . We first carry out l − integration with the residue theorem by picking up the contribution from the pole 1/(l 2 + iǫ). After having done so, the soft gluon momentum(l) is effectively put on shell. Applying the soft gluon approximation, the virtual correction from Fig.[4a] reads,
where we shift momentum k → k + l. The upper limit for l ⊥ integration is chosen to be |k ⊥ |. This kinematical constraint is justified because the soft gluon approximation is valid only if |l ⊥ | ≪ |k ⊥ |. Moreover, after subtracting the (LO) 2 contribution which is supposed to be absorbed into non-local BK equation, the upper limit and lower limit for l + integration is determined accordingly. By changing the integration variables k − p g1 → k ′′ and k + l → k ′′′ , the integration over p g⊥ , p ′ g⊥ , p g1⊥ can be carried out straightforwardly. After these manipulations, one obtains,
where k ′′′ has been renamed as k. Similarly, the contribution from Fig[4b] is given by,
One notices that the main contribution to the above integration is from the phase space region where k ·l → 0. We thus can neglect k ·l term in the denominator 1/((k ⊥ +l ⊥ ) 2 +2k ·l). By applying the same trick, namely, changing integration variables k+l → k ′′′ and k ′ −p g1 → k ′′ , we can readily integrate out p g⊥ , p ′ g⊥ , p g1⊥ ,
where k ′′′ ⊥ has been renamed as k ⊥ . Here some terms suppressed by the power of l 2 ⊥ /k 2 ⊥ have been ignored. At this step, it is clear to see that contributions from Fig.[4a] and Fig.[4b] are canceled out in the soft gluon approximation, and thus do not produce double logarithm. The same analysis also can be applied to other real/virtual diagrams with soft gluon attaching to hard gluon line, for instance Fig.[4c] and Fig.[4d] . In the following, we focus on investigating the diagrams with soft gluon emitted from the Wilson lines. We proceed to compute the double leading logarithm contributions from the diagrams Fig.[4e] , Fig.[4f] and Fig.[4g] . The overall extra phase factor associated with real diagram Fig.[4f] is e il ⊥ ·(x ⊥ −y ⊥ ) , while no non-trivial phase factor is yielded from the virtual contributions Fig.[4e] and Fig.[4g] . Summing up contributions from Fig.[4e-g] , one obtains, Fig.4 [e + f + g] = g 4
where once again, we only take into account the NLO corrections in the phase space region k + ≫ l + and k − ≫ l − , beyond which all leading logarithms from the NLO corrections can be organized into non-local BK equation. The next step is to carry out l + integration. This subsequently yields a l ⊥ integration,
which can produce a large double logarithm ln 2 [k 2 ⊥ (x ⊥ − y ⊥ ) 2 ] so long as k 2 ⊥ ≫ 1/(x ⊥ −y ⊥ ) 2 . After integrating out k ⊥ and l ⊥ with the help of the following integration formula,
the desired transverse double logarithm shows up. It is then straightforward to carry out the rest integrations. When dust settles, the expression is organized into the form,
At this point, it becomes evident that the obtained double transverse logarithm has the typical dynamical origin of a Sudakov problem, as stated before. The calculations of the rest graphs can be carried out in a similar way. Summing up contributions from all diagrams with the soft gluon being radiated from the Wilson lines, one obtains,
where M c sum denotes the summation of all leading order amplitudes. Here the color structure can be simplified using the Fierz identity,
To proceed further, we ignore the contribution associated with the second color structure Tr [M * c sum ] Tr [M c sum ] which is suppressed in the large N c limit. The next step is to convert the whole expression in momentum space into that in coordinate space by integrating out hard and soft gluon transverse momentum. We eventually end up with,
In the limit (
the above expression can be cast into a more compact form,
which is the NLO correction to the real part of the BK kernel in the double leading logarithm approximation. This result again exhibits a typical factorization structure for a Sudakov problem: the BK dynamics is developed via emitting a hard gluon(k), while the effect induced by the soft gluon radiation is factorized into the double logarithm.
Let us now turn to analyze the NLO correction to the virtual part of the leading order BK kernel. For the virtual graph Fig.[5b] , its contribution can be written as,
where k − poles are explicitly shown in the above formula. H(k, l, p g⊥ , p ′ g⊥ ) represents the rest part of the amplitude. One can carry out contour integration on k − by picking up contributions from two poles 1/(k 2 + iǫ) and 1/((k + l) 2 + iǫ), respectively,
Obviously, two poles contributions cancel out in the soft gluon limit. As a result, this diagram does not produce any large double logarithm term. Such cancellation occurs for the graph Fig.[5a] as well. The similar analysis applies to all diagrams with soft gluon attaching to the hard gluon(k) line. We thus reach the same conclusion that the double leading logarithmic enhanced NLO correction to the virtual part of the LO BK kernel can be generated only if soft gluon is radiated from(or absorbed back to) the Wilson lines. For instance, the combination of Fig.[5c] and Fig.[5d] generates a double logarithm term. By systematically employing the Eikonal approximation to all such type diagrams, it is straightforward to obtain,
where the double logarithm term is the same as that in Eq. [24] . Combining Eq. [28] and Eq. [31] together, one arrives at, (32) which is the final double leading logarithmic enhanced NLO correction to the BK kernel. Note that since our derivation is formulated as dense target evolution, the double leading logarithm term we obtained is different from that appears in the full two loop BK equation describing projectile rapidity evolution [4] , but instead coincides with the double logarithm contribution derived in Ref. [19] . This is expected because the BK equation takes different form at NLO when different evolution variables are used. 2 , the large double logarithm compensates the smallness of the strong coupling constant α s and needs to be summed to all orders to improve the convergence of the perturbative calculation. To this end, one has to take into account multiple soft gluon emissions from the Wilson lines. A schematic graph is shown in Fig[6] . To simplify our analysis, we take the large N c limit in which the soft gluon can be viewed as being emitted from a outgoing Wilson line in the adjoint representation. To generate a large logarithm like α n s ln
C. Multiple soft gluon radiations
at the n-th order, all soft gluon momenta l 1 , l 2 ... l n must be much smaller than hard gluon momentum k. However, one does not have to impose a strong ordering in neither soft gluon transverse momenta nor their longitudinal momenta. All order resummation of the double leading logarithm terms has been achieved in studying the asymptotic fermion form factor in QED by Sukakov [30] more than half century ago. The algorithm to resum the Sukakov double logarithm in QCD was later developed in Refs. [31] [32] [33] . Such extension to the non-Abelian gauge theory is highly non-trivial since both ladder diagrams and non-ladder diagrams have to be taken into account. In this work, we resum these large logarithms by following the Collins' factorization approach [34] , based on which the soft gluon contribution can be summarized into a form factor S (k 2 ⊥ , (x ⊥ − y ⊥ ) 2 ) whose operator definition is the same as that for the soft factor often used in the context of TMD factorization. As the hard momentum cut off-k 2 ⊥ plays the role of ζ 2 c which is a parameter for regularizing the light cone divergence, in the spirit of the factorization [34] , we can write down an evolution equation for the form factor in terms of momentum cutoff scale Q 2 ,
where c 0 is defined as c 0 = 2e −γ E . By setting S (1/(x ⊥ − y ⊥ ) 2 , (x ⊥ − y ⊥ ) 2 ) = 1, it can be readily deduced from the evolution equation that,
where some single logarithm terms are ignored. With the help of the integration formula,
we are able to convert the exponential into an expression in the coordinate space,
, one further can make the following replacement,
Eventually, the Sudakov resummed BK equation takes the form,
which is our central result of this work. As mentioned earlier, the expansion of this resummed result to the first non-trivial order matches to the NLO BK kernel for the double transverse logarithm term [19] . Note that the kinematical constraint is not yet explicitly implemented in the above equation. One may expect that a Sudakov suppressed non-local BK equation effectively resums all important sub-leading logarithms to all orders. However, in contrast, it was claimed in Ref. [19] that such double transverse logarithm is already encoded in the non-local leading order BK equation. Obviously, this is not consistent with what we found in the present work. But for the time being, we have no clue how to solve this mismatch problem, which undoubtedly deserves further investigation.
III. SUMMARY
In this paper, we argue that the large transverse double logarithm arises from the NLO correction to the BK kernel are the typical Sudakov double logarithm which can be resummed to all orders following the standard procedure. To this end, we first identify the main phase region where the double logarithm is generated. As recognized recently, to consistently resum small x logarithm ln 1 xg to all orders, the successive gluon emissions must be simultaneously ordered in longitudinal momenta and in lifetimes;
The implementation of such kinematical constraint results in a non-local BK evolution equation, which effectively resums some sub-leading logarithm terms arise from high order calculations. In this work, we explored the dynamics beyond this strong ordering region, and found that the large double logarithm can be generated in the phase space region where all four components of l is much smaller than that of k. It is further shown that the resummation of these Sudakov double logarithm can be converted to studying the evolution of soft factor, which has been well formulated in the literatures [34] . Therefore, to resum all important sub-leading logarithms, one has to include a Sukakov factor in the BK kernel in addition to imposing a kinematical constraint. One may expect that such a resummed BK kernel further slows down the small x evolution of dipole. We plan to carry out the detailed numerical study of the Sudakov suppressed non-local BK equation and investigate its phenomenology implications in a future publication.
